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NON-LINEAR ACTIVE VIBRATION CONTROL OF
A CANTILEVER PIPE CONVEYING FLUID
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Active vibration suppression of a fluid conveying cantilever pipe with geometric
non-linearity due to post-critical flow speed is examined. The non-linear characteristics of
the system is described using the fictitious load approach and the dynamic responses can
be obtained using successive co-ordinate transformations, which only require the solution
of linear differential equations, without the need to deal with the complex non-linear
strain–displacement relationships. An instantaneous optimal closed loop control approach
by minimizing an objective function at each time instant is developed using the Newmark
method for solution of the linear equations of motion. The effect of actuator location on
the performance of the control system is described. It is demonstrated that the control
design is also applicable for vibration suppression of the fluid conveying cantilever pipe
subjected to random base excitations.
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1. INTRODUCTION

The literature concerning the dynamics of fluid conveying pipes is abundant. Since the
early work by Housner [1], there have been over two hundred articles dealing with the
subject [2]. The analysis has been shown to be important in the design of structural
systems subjected to high fluid flow disturbance, such as nuclear reactor components [3],
the feed line of rocket motors [4] and piping systems [5]. It is observed from linear analysis
[1, 6, 7] that for a pipe with supported ends, the system loses stability by divergence,
whereas for cantilever pipes, the instability is of the flutter type. However, linear models
are found to be in serious error when the flow speed exceeds the critical value, and the
structure undergoes large deformations, which are non-linear in nature for analysis [8].
The dynamic behavior of pipes conveying fluid near the critical velocity has been analyzed
considering the effects of large deformations [9]. For post-critical flow speeds, some of
the non-linear terms discarded in [9] need to be re-examined. A Galerkin finite element
approach was applied for fluid conveying pipes with post-critical flow speeds [10]. A
penalty parameter, which is problem dependent, must be correctly chosen to ensure
numerical stability.

Intense research efforts have been made to assess the dynamic characteristics of pipes
conveying fluid. However, the literature on vibration control of fluid conveying pipes is
quite limited. The study is important to prevent system failure due to fatigue and to ensure
operational accuracy. Tani and Sudani [11, 12] reported a sub-optimal control law for
vibration suppression of fluid conveying tubes by using motor controlled tendons.
Kangaspuoskari et al. [13] examined the effect of feedback control on critical velocity of
cantilevered pipes aspirating fluid. A robust flutter control approach for a vertical pipe
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conveying fluid using a gyroscopic mechanism was reported by Cui et al. [14]. Lin and
Chu [15] applied the optimal independent modal space control approach for active
vibration suppression of a cantilever pipe conveying fluid by using piezoelectric actuators.
In all of these analyses, it was assumed that the plant is linear; that is, vibration of the
pipe is small. This work is concerned with the numerical evaluations of an instantaneous
optimal control design for vibration control of pipes conveying fluid with a post-critical
flow speed. A large vibration amplitude, which results in geometric non-linearity, is
considered. Optimal control of non-linear civil structures was reported by minimizing an
objective function at every time instant [16]. The non-linear damping and elastic forces
were truncated by using the first order approximation, and tangent damping and stiffness
matrices were formulated accordingly. A procedure for static large deformation analysis
of slender frame structures using the concept of fictitious loads was developed [17]. Only
linear equations need to be solved. The static large deformation of the structures can be
computed by iteratively updating the finite element nodal co-ordinates, without the need
to formulate the non-linear strain–displacement relationship. In this work, the concept of
fictitious loads is extended to describe the dynamic behavior of cantilever pipes conveying
fluid with post-critical flow velocities. Instantaneous optimal closed loop control for
vibration suppression of a cantilever pipe conveying fluid is developed, taking into account
the non-linear dynamic characteristics of the system. The formulation of tangent damping
and stiffness matrices is no longer necessary in this development. The linear equations of
motion are solved using the Newmark method [18], which simplifies the control system
design.

2. MODEL FORMULATION

The equation of motion for a cantilever pipe conveying fluid exhibiting large
deformations at any instant t can be expressed as

MtD� t +CtD� t +KtDt =Rt, (1)

where Mt is the structural mass matrix, Ct is the structural damping matrix, Kt is the
structural stiffness matrix, Rt is the structural forcing vector, and Dt, D� t and D� t denote the
structural displacement, velocity and acceleration vectors respectively. In this work the
approach by using fictitious forces as developed by Kohnke [17] for static analyses is
extended for describing the dynamic behavior of the fluid conveying cantilever pipe. The
procedure is based on the Eulerian approach, which does not require the evaluation of
non-linear strain–displacement relationships. Kinematic corrections due to the large
deformation of the pipe are accounted for using fictitious loads. The nodal co-ordinates
are updated during the course of computation by using co-ordinate transformation. The
complex procedure for formation of the non-linear structural matrix equations is no longer
required. The structural matrices shown above can be written as

Mt = s
n

j=1

TTmleTj , Ct = s
n

j=1

TT
j cleTj ,

Kt = s
n

j=1

TT
j kleTj , Rt = s

n

j=1

TT
j rlj , (2a)

in which n is the number of elements used, the superscript T denotes the transpose of a
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matrix, rlj is the element load vector, and the co-ordinate transformation matrix is given
as

cos uj sin uj 0 0 0 0

−sin uj cos uj 0 0 0 0

Tj =G
G

G

G

G

K

k

0 0 1 0 0 0 G
G

G

G

G

L

l

. (2b)
0 0 0 cos uj sin uj 0

0 0 0 −sin uj cos uj 0

0 0 0 0 0 1
Also,

mle =mpe +mfe , cle = cfe , kle = kpe + kfe . (2c)

where mpe and kpe denote the element mass and stiffness matrices of the pipe, respectively;
and mfe , cfe , and kfe represent the fluid element mass, damping and stiffness matrices,
respectively. Internal damping of the pipe is considered to be small and is neglected. For
completeness, the formulation of the element matrices for both the pipe and fluid is given
in the Appendix. The Newmark method [18] is used to develop the procedure for
instantaneous optimal control of the cantilever pipe conveying fluid exhibiting large
deformations. The effective structural stiffness matrix and the effective structural load
vector can be written, respectively, as

K
 t =Kt + a0Mt + a1Ct, (3)

R
 t+Dt =Rt+Dt +Mt(a0Dt + a2D� t + a3D� t)+Ct(a1Dt + a4D� t + a5D� t), (4)

where the integration constants are

a0 =
1

aDt2, a1 =
d

aDt
, a2 =

1
aDt

, a3 =
1
2a

−1,

a4 =
d

a
−1, a5 =

Dt
2 0da−21, (5)

in which Dt is the integration time step; d and a are chosen to be 0·5 and 0·25 respectively
for numerical stability considerations. The structural displacement, acceleration, and
velocity vectors at the instant t+Dt can be computed as follows:

Dt+Dt =(K
 t)−1R
 t+Dt, (6)

D� t+Dt = a0(Dt+Dt −Dt)− a2D� t − a3D� t, (7)

D� t+Dt =D� t + a6D� t + a7D� t+Dt, (8)

where

a6 =Dt(1− d), a7 = dDt. (9)

To facilitate the control formulation, equations (3)–(9) are combined to form the
following equations expressed in state space:

6Dt+Dt

D� t+Dt7=$A1

A5

A2

A6%6Dt

D� t7+6A3

A77Rt +6A4

A87Rt+Dt, (10)
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where

A1 = (K
 t)−1[a0Mt − a3Kt + a1Ct − a5Ct(Mt)−1Kt],

A2 = (K
 t)−1[a2Mt − a3Ct + a4Ct − a5Ct(Mt)−1Ct],

A3 = (K
 t)−1[a3I+ a5Ct(Mt)−1], A4 = (K
 t)−1,

A5 = (a7a3 − a6)(Mt)−1Kt + a7a0A1 − a7a0I,

A6 = I+(a7a3 − a6)(Mt)−1Ct + a7a0A2 − a7a2I,

A7 = (a6 − a7a3)(Mt)−1 + a7a0A3, A8 = a7a0A4. (11)

The structural load vector contains both the external forces, which includes the fictitious
loads, and the active control input

Rt =HFt +Rt
f , Rt+Dt =HFt+Dt +Rt+Dt

f , (12)

where H (n× r) is the control output matrix, F (r×1) is the control force vector, and Rf

(n×1) is the external force vector. The following equation is used to simplify the
notations:

Yt+Dt =Nt
1Yt +Nt

2(HFt +Rt
f )+Nt

3(HFt+Dt +Rt+Dt
f ), (13)

where

Yt+Dt =6Dt+Dt

D� t+Dt7, Yt =6Dt

D� t7,

Nt
1 =$A1

A5

A2

A6%, Nt
2 =6A3

A77,

Nt
3 =6A4

A87. (14)

3. INSTANTANEOUS OPTIMAL CLOSED LOOP CONTROL

The objective function to be minimized to formulate the instantaneous optimal control
algorithms is defined as

Jt+Dt =Yt+DtTQYt+Dt +Ft+DtTWFt+Dt, (15)

where Q and W are the weighting matrices for the state vector and the active control force
vector, respectively. The Hamiltonian is obtained by introducing a Lagrangian multiplier
vector pt+Dt to the objective function:

Ht+Dt =Yt+DtTQYt+Dt +Ft+DtTWFt+Dt

+ pt+DtT[Yt+Dt −Nt
1Yt −Nt

2(HFt +Rt
f )−Nt

3(HFt+Dt +Rt+Dt
f )]. (16)

The necessary conditions for minimizing the objective function given in equation (15)
subject to the constraint equation (13) can be written as [19]

1Ht+Dt

1Yt+Dt =0,
1Ht+Dt

1Ft+Dt =0,
1Ht+Dt

1pt+Dt =0. (17)
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Figure 1. The finite element model of a cantilever pipe conveying fluid, with the fluid discharging at the right
end.

The following two equations can be obtained by substituting equation (16) into the first
two expressions in equation (17):

2QYt+Dt + pt+Dt =0, (18)

2WFt+Dt −HNtT
3 pt+Dt =0. (19)

Note that the third expression in equation (17) yields an identical expression as in
equation (13). The Lagangian multiplier vector is regulated by the feedback state vector
for a closed loop control; that is,

pt+Dt = hYt+Dt. (20)

Substituting equation (20) into equation (18) and knowing that the state vector cannot
be identically zero, the unknown matrix h can be obtained. The control force vector can
then be obtained as below by using equation (19):

Ft+Dt =−W−1HTNtT
3 QYt+Dt. (21)

4. NUMERICAL RESULTS

In Figure 1 is shown a cantilever pipe conveying fluid with ten elements, used to describe
the model. The numerical data, as used in reference [10], for analysis are as follows:

Figure 2. The effect of actuator location on the vibration control cost of the cantilever pipe conveying fluid;
flow speed 22 m/s, integration time step 0·001 s, simulation time length 0·9 s and weighting parameter Q*/W=1.
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Figure 3. The effect of actuator location on the vibration control cost of the cantilever pipe conveying fluid;
flow speed 18 m/s, other values as in Figure 2.

Young’s modulus 2·5217e8 Pa, pipe length 0·6858 m, outside diameter 9·525e−3 m, pipe
thickness 1·5875e−3 m, mass density 852·59 kg/m3, and fluid mass density 1000 kg/m3. An
active control moment is considered as the control input, which can be realized either by
using the piezoelectric ceramics as described in [15] or by using the motor controlled tendon
mechanism, as presented in [11]. The cost, as defined in equation (15), for various positions
of the active control input are illustrated in Figures 2 and 3 with flow speeds of 22 m/s

Figure 4. One vibration cycle of the transverse displacement of the cantilever pipe conveying fluid with a flow
speed of 22 m/s. ——, Downward motion; ···, upward motion.



-        483

Figure 5. One vibration cycle of the rotational displacement of the cantilever pipe conveying fluid with a flow
speed of 22 m/s. ——, Downward motion; ···, upward motion.

and 18 m/s respectively. The critical flow speed can be shown to be 21·2 m/s. The
integration step is 0·001 s and simulation time length is 0·9 s. The weighting matrix
parameter selected is Q*/W=1, where Qd =Q*I, Q=diag (Qd 0), and I is an identity

Figure 6. The vertical tip responses for various actuator locations with a flow speed of 22 m/s and a weighting
parameter of Q*/W=6. W W W, Uncontrolled; – – –, x/L=0·7; ···, x/L=0·2; –·–, x/L=0·4; ——, x/L=0·5.
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Figure 7. The active control input for various actuator locations with a flow speed of 22 m/s and a weighting
parameter of Q*/W=6. - - -, x/L=0·7; ···, x/L=0·2; –·–, x/L=0·4; ——, x/L=0·5.

Figure 8. The vertical tip responses for various weighting parameters with a flow speed of 22 m/s and an
actuator location of x/L=0·5. W W W, Uncontrolled; – – –, Q*/W=1; ···, Q*/w=2; –·–, Q*/W=4; ——,
Q*/W=5.
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Figure 9. The active control input for various weighting parameters with a flow speed of 22 m/s and an
actuator location of x/L=0·5. - - -, Q*/W=1; ···, Q*/W=2; –·–, Q*/W=4; ——, Q*/W=5.

matrix. For one control input, W is reduced to represent a scalar quantity. As can be seen
in Figure 2, the actuator positioned at the beam center performs better than those located
at the other positions. The variation of control cost due to the change of actuator location
is more severe in Figure 2 than that in Figure 3. This may be attributed to the nature of

Figure 10. The time history of the random base excitation with a normal distribution.
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Figure 11. The vertical tip responses of the cantilever pipe subjected to random base excitation for various
weighting parameters with a flow speed of 22 m/s and an actuator location of x/L=0·5. ——, Uncontrolled;
···, Q*/W=1; - - -, Q*/W=2; –·–, Q*/W=6.

Figure 12. The active control input for the cantilever pipe subjected to random base excitation for various
weighting parameters with a flow speed of 22 m/s and an actuator location of x/L=0·5. ···, Q*/W=1; – – –,
Q*/W=2; –·–, Q*/W=6.



-        487

non-proportional damping inherent in the system, which flutters in the second complex
mode. For undamped or proportionally damped cantilever pipes, the second mode has one
vibration node, which is fixed in space, and the system vibration behaves as a standing
wave. However, for fluid conveying cantilever pipes, the gyroscopic damping due to fluid
flow is non-proportional and the system vibrates as a travelling wave; that is, the zero
crossing, or vibration node, changes with time. Such a change is more severe as the flow
speed increases [2]. In Figures 4 and 5 are shown one cycle of vibration for the transverse
and rotational displacements, respectively, of the pipe with flow speed 22 m/s. A wide range
of change of zero crossing is apparent. Note that for moment type control input, the
control is not efficient when the input is near a rotational vibration node.

The vertical tip responses of the fluid conveying cantilever pipe with Q*/W=6 and a
flow speed of 22 m/s for different actuator locations are illustrated in Figure 6. Consistent
with that shown in Figure 2, the actuator located at the mid-point of the pipe performs
better than those located at other places. The system response without control is included
for reference, which shows the pipe vibration, when subjected to disturbance, grows and
reaches a steady state amplitude, known as the limit cycle for non-linear system analysis.
The corresponding active control input is shown in Figure 7. It is apparent that the
actuator position is of vital importance for efficient control. In Figure 8 are shown the
effects of the weighting parameter on the vertical tip response of the pipe with a flow speed
of 22 m/s and an actuator location of x/L=0·5. The corresponding control input is shown
in Figure 9. For higher weighting parameter Q*/W, which means the system response is
relatively more important than the control input, more control input is exerted on the
system to further suppress vibration of the system. As denoted by a solid line in Figure 8,
the pipe vibration is virtually eliminated after 0·3 s. The corresponding peak control input
is less than 0·04 N m. Note that for a smaller weighting parameter, such as Q*/W=1, a
smaller control input is used in the instantaneous optimal control process initially.

Figure 13. The spectra of the vertical tip responses of the cantilever pipe subjected to random base excitation
for various weighting parameters with a flow speed of 22 m/s and an actuator location of x/L=0·5. ——,
Uncontrolled; ···, Q*/W=1; - - -, Q*/W=2; –·–, Q*/W=6.
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However, since the vibration of the system is not suppressed sufficiently, a larger control
input is needed afterwards due to larger feedback quantities.

The applicability of the control scheme for the fluid conveying cantilever pipe subjected
to a random base excitation is assessed. Time history of a random base excitation with
normal distribution is shown in Figure 10. In Figure 11 are shown the relative tip
displacements with respect to the base motion for various weighting parameters. The flow
speed is 22 m/s and the actuator location is x/L=0·5. The corresponding control input
is shown in Figure 12. The spectra of both the uncontrolled and controlled responses are
shown in Figure 13. The peak at around 10 Hz corresponds to the second mode of the
fluid conveying pipe, which dominates vibration of the system as the flow speed exceeds
the critical value. As can be seen, the control scheme is also capable of mitigating excessive
vibration of the pipe when it is subjected to a random base excitation.

5. CONCLUSIONS

The instantaneous optimal closed loop control for vibrational suppression of fluid
conveying cantilever pipes has been presented in this work. A large amplitude of vibration,
which involves geometric non-linearity, is considered. The non-linear dynamic behaviour
of the system is described using the linear equations with fictitious loads applied to account
for the kinematic corrections. The non-linear response of the system can then be obtained
by using successive co-ordinate transformations. The linear equations of motion are solved
using the Newmark method. This formulation avoids the need to construct the tangent
damping and stiffness matrices for approximating the non-linear effect. Hence a simpler
formulation can be obtained. The importance and determination of the appropriate
actuator location has been described. It has been shown that a proper choice of weighting
parameter is also important for effective vibration suppression of the pipe system.

The effect of pressurization is not considered in this work. For systems subject to a
divergence type of instability, fluid pressure can result in a ’’soft’’ tube effect; that is, rigidity
of the system is reduced. The dynamic behaviour with increasing fluid pressure is the same
as that with increasing a compressive force acting at the ends of the pipe. The dynamic
response of the system predicted by the theory will then be smaller than that of the real
one. As the flow speed varies, the weighting parameters need to be changed accordingly
for proper control action. This implies that an adaptive procedure needs to be formulated
to adjust the weighting parameters based on the new plant dynamics. This concern warrants
further exploration. Experimental work is scarce for the study of vibration control of pipes
conveying fluid, especially when the non-linear effects are considered. Future research is
called for to undertake such an endeavour for verification of the analytical procedure
developed. The effect of actuator location has been examined in this work. However, it is
worthwhile to devote separate efforts to develop a procedure for the optimal location of
the actuator, especially when multiple control inputs are desired.
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APPENIDIX

To formulate the element matrices of the pipe, the displacement fields within an element
are interpolated as

w= 6N7{dl}e , u= 6U7{dl}e , (A1)

where w and u are the transverse and longitudinal displacements, respectively, and

6N7= 60 N1 N2 0 N3 N47, 6U7= 6U1 0 0 U2 0 07,

{dl}e = {ul1 wl1 ul1 ul2 wl2 ul2}T, (A2)
in which

N1 =1−3(x/l)2 +2(x/l)3, N2 = x(x/l−1)2,

N3 =3(x/l)2 −2(x/l)3, N4 = x[(x/l)2 − x/l],
and

U1 = (l− x)/l, U2 = x/l, (A3)

where 6N7 and 6U7 denote 1×6 row vectors representing shape functions for the
transverse displacement and longitudinal displacement, respectively, {dl}e is the element
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nodal degrees of freedom vector, l is the element length, and x is the co-ordinate along
the longitudinal direction of the element. The element mass mpe and stiffness kpe matrices
of the pipe can be obtained by using the standard finite element procedure [20]:

mpe =mte +mae , kpe = kbe + kae , (A4)

where mte and mae represent the mass matrices for transverse and axial inertia effects; kbe and
kae denote the stiffness matrices due to bending strain and axial strain respectively. These ma-
trices are combined to form the element mass and stiffness matrices, which can be written as

mte =g
l

0

6N7Tmp6N7 dx, mae =g
l

0

6U7Tmp6U7 dx,

kbe =g
l

0

EI6N7T
xx6N7xx dx, kae =g

l

0

EA6U7T
x 6U7x dx, (A5)

where mp is the mass per unit length of the pipe, E is Young’s modulus, I is the area moment
of inertia, A is the cross-section area, and the subscript x denotes differentiation. The
element mass, damping and stiffness matrices for fluid moving at a constant speed v can
be expressed as follows [7]:

mfe = mf g
l

0

6N7T6N7 dx+ mf g
l

0

6U7T6U7 dx,

cfe =2mfv g
l

0

6N7T6N7x dx− mfv6N7T6N7b
x=1

x=0

,

kfe = mfv2 g
l

0

6N7T6N7xx dx− mfv26N7T6N7x b
x= l

x=0

, (A6)

where mf is the mass per unit length of the fluid. The last terms on the right sides of the
damping and stiffness matrix expressions represent the inflow, at x=0, and outflow, at
x= l, as the fluid enters the pipe element from one end and exits from the other to account
for the fluid boundary conditions [21]. Note that at the free end of the pipe, the outflow
terms as depicted above must be added to the structural matrices for correct formulation.
The above finite element matrices for both the pipe and the moving fluid can be combined
to form the local element matrices. For a pipe exhibiting large deformations, the element
fictitious forces flj , which are included as part of the element forcing vector rlj , to account
for the kinematic corrections, can be shown to be [17]

−AE(1−cos u)

12EI
l2

(u−sin u)

flj =

6EI
l

(u−sin u)
. (A7)g
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G

G

G

G

G

G

G
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h
G

G

G

G

G

G

G

G

J

j

AE(1−cos u)

−12EI
l2

(u−sin u)

6EI
l

(u−sin u)


